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modi®ability, it has to be kept in mind that the manipulated factors may not be the
ones that in¯uence the hypothesized modules selectively, even when such factors
exist.

A.2.3. Inferential logic when hypotheses about modules specify the factors
If the hypotheses about processes A and B are su�ciently detailed, they may

specify particular factors that should in¯uence A and B selectively. This possibility is
not well represented by the formulations in Tables 2±4, which treat F and G as
members of a larger set of plausible candidates to be tested. In alternative formu-
lations of the inferential logic, the speci®cation of factors F and G can be included in
the joint hypothesis, with the remainder of the reasoning adjusted accordingly. For
Tables 2 and 3, this is shown by Tables 7 and 8, respectively, in which I have replaced
H1 by H1�, which is stronger than H1 and implies it; a similar reformulation can be
created for Table 4.

Given the initial conceptualization of band-limited analyzers, Table 7 is probably
more appropriate than Table 2 for Ex. 4. For the same reason, a reformulation of
Table 4 is probably more appropriate for Ex. 7. And similarly, Table 8 is probably
more appropriate than Table 3 for the part of Ex. 10 involving SQ and MF, given
that the two hypothesized modules are S and R.

Table 7

Alternative inferential logic for pure measuresa

a See footnote 14 for the distinction between p0k and pk .
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A.3. Composite measures, combination rules, and stochastic independence

A.3.1. Measures, combination rules, and plausibility
In the illustration of Section 3.1.1, we reasoned from an hypothesized process

structure or ``mental architecture'' (here, stages) to a combination rule (here, sum-
mation) that applies to a particular measure MAB of the complex process (here,
duration). It is plausible that the duration of a process would be the sum of durations
of its parts, and we can show (Eq. (3)) that, with selective in¯uence of F and G , we
expect their e�ects on RT to be additive. But we would probably not be interested in
considering an application of Table 3 in which MAB was a non-linear transformation
of RT, such as its square root. Why not? Because it is hard to think of a plausible
mechanism in which contributions of two separately modi®able processes to

�������
RT
p

would combine by summation. Conversely, suppose we discovered that the e�ects of
two factors on

�������
RT
p

are additive in a particular experiment. This ®nding can be used
as an argument for modular processes (selectively in¯uenced by those factors) only if
there is a plausible mechanism that is consistent with summation being the combi-
nation rule for that measure; but there appears to be no such mechanism.

For Exs. 7 and 9 there are plausible structures that lead to multiplicative com-
bination rules for certain measures. Section 3.2 shows that such a rule implies

Table 8

Alternative inferential logic for a composite measure with summation as the combination rule
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multiplicative factor e�ects and, also, that if such measures are transformed by
taking logarithms, the factor e�ects become additive. Here, ®nding additive e�ects on
the logarithmically transformed measure is relevant to the discovery of modules
because there is a plausible modular process structure which, when combined with
selective in¯uence, would lead to additive e�ects on that measure.

In Section 13 we saw that a plausible detection mechanism involving two modules,
A;A0, leads to a multiplicative combination rule for their contributions to
MAA0 � PND, the probability of not detecting a signal. In contrast, we shall see in
Appendix A.13 that under some conditions, the transformed measure
Odds�PND� � PND=�1ÿ PND� reveals multiplicative e�ects of two factors, and there-
fore that logit �PND� � log�Odds�PND�� exhibits additive e�ects. (Actually, PND must
be ``corrected for guessing'' for the Odds transformation to work in this way.) Here,
whereas it is easy to explain such additive e�ects on this transformation of PND as
arising if both factors in¯uence a particular plausible single module, there appears to
be no plausible structure of two modules selectively in¯uenced by the two factors
that could also explain it.

Hence, whereas suitable transformation of a measure may render factor e�ects
additive or multiplicative, and whereas this can be interesting, it may not support a
claim of modularity. In general, data may be transformed so as to create measures
that behave in orderly, simple ways, but such patterns become important for the
inference of modularity only if a plausible modular mechanism can generate them.
Of course, what is plausible is subject to change.

A.3.2. Multiplication as the combination rule: implications for data analysis of the
zero-correlation requirement

The requirement expressed in hypothesis H5 (Table 4) has implications for how
data should be treated so as to minimize the likelihood and/or extent to which
failures of that hypothesis interfere with testing H1 and H4. Consider the application
discussed in Section 15, where the measure is the response rate of a rat in a bar-
pressing experiment. For ease of exposition, let our measure instead be the inter-
response time, IRT, the reciprocal of response rate. The data for a particular pair of
factor levels is a summary of the bar-press times on each of the set of trials at those
levels. One obvious approach to creating that summary would be to determine the
mean IRT for each trial, and then average those means over that set of trials. At this
point one could apply the logarithmic transformation and test for additivity of factor
e�ects.

In relation to H5 there are at least two potential sources of correlated variability
of uA and vB: variation across the IRTs that comprise a trial, and variation across
the trials that comprise the set of trials. If these are substantial and we use the
method described above, H5 will be violated. However, by applying the logarithmic
transformation to individual IRTs (before any averaging), so that the averaging is
of sums rather than products of the contributions of A and B to the (transformed)
measure, we render these two potential sources of correlated variation irrelevant
(see, Eqs. (1) and (2)). Whether this eliminates all potential sources of correlated

224 S. Sternberg / Acta Psychologica 106 (2001) 147±246



variation depends on details of the mechanism: If single values of uA and mB

determine any particular IRT, then there is no other source, Eq. (4) applies to
individual IRTs, and the need for H5 in testing independence in mean is elimi-
nated. 76 In general, by applying the logarithmic transformation as early as possible
± before any explicit summing or averaging operations ± we are likely either to
reduce the impact of violations of H5 in testing H1 and H4 or eliminate the need
for H5 altogether. 77

A.3.3. Stochastic independence of process contributions as further evidence of
modularity

In the discussion of composite measures thus far we have been concerned with
whether two processes obey ``independence in mean'' ± that is, whether their mean
contributions to a composite measure can be separately modi®ed. Whatever the
processes and whatever the measure, it is highly likely that their contributions (and
the measure itself) have non-zero variability. This raises the question whether such
variation is correlated across the two processes. The evidence for the modularity of
these processes would be strengthened if their contributions to the measure were
found not only to be independent in mean, but also to be stochastically independent
(or even if they were found to be merely uncorrelated ± often a weaker property). 78

As we saw in Section 3.2, the assumption that contributions are uncorrelated (have
zero covariance) is required when the combination rule is multiplication (H4 in Table
4), even to get predictions about the pattern of mean p.e�ects. (Finding multipli-
cative p.e�ects therefore supports H5; Exs. 7, 9.) When the combination rule is
summation, however, the zero covariance or (stronger) stochastic independence
property can be tested separately from independence in mean. Thus, if the contri-
butions are uncorrelated, then the combination rule for their contributions to
var�MAB� is also summation, and we should ®nd additive factor e�ects on var�MAB�
as well as on its mean; if the contributions are stochastically independent, this im-
plies not only the latter, but also additional powerful constraints on the data from a
factorial experiment (Roberts & Sternberg, 1993; Sternberg, 1969). If meaningful
pure measures are obtained on individual trials, questions about independence can
be asked for such measures also.

If one process directly in¯uenced another (Section 2.1) then they would not be
separately modi®able, and we would expect their pure measures (if based on indi-
vidual trials), or their contributions to composite measures, to be correlated. It has

76 Alternatively, suppose each IRT comprises a sequence of unobserved sub-intervals, each determined

by a possibly di�erent (u, v) pair. Eq. (4) then applies to each sub-interval, but, unless H5 is true across the

sub-intervals of an IRT, Eq. (4) does not apply to the IRT, the sum of these sub-intervals.
77 For this approach to be used, all values of the measure to which it is applied must be positive; this

excludes cases like Ex. 7.
78 In research on memory, the relevance of stochastic independence has been recognized for measures of

di�erent tasks (Appendix A.1.2.1). Interpretations di�er, however; see Kahana (2000) and Richardson-

Klavehn and Bjork (1988).
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to be recognized, however, that there may be factors that in¯uence both of the two
processes in question, are not under the experimenter's control, and whose levels
¯uctuate from trial to trial. Because this can induce covariation of their contribu-
tions, the predictions mentioned above can fail, even when the two processes are
modular.

A.6. Evidence for neural and functional modules that correspond

A remarkable study by Smulders, Kok, Kenemans, and Bashore (1995) provides
a supplement to Exs. 2, 5, 6, and 10. In relation to Ex. 2, their ®ndings are among
those that give us reason to believe that the onset time of the lateralized readiness
potential (LRP) is psychologically meaningful. In relation to Ex. 5, their experi-
ment is an analog in which an aspect of the ERP is used, instead of single-neuron
activations, to index a possible boundary between neural processing stages. As in
Ex. 10, their RT data can be used as a composite measure to test a hypothesis
about modular functional processes arranged as stages. And in relation to Ex. 6,
their ®ndings provide evidence for corresponding neural and functional modules
from brain and behavioral measurements, respectively, as advocated in Section
11. 79

In a two-choice RT experiment with single-digit stimuli mapped on left-hand and
right-hand responses, Smulders et al. varied two factors, SQj (digit intact vs de-
graded) and response complexity, RCk (one keystroke vs a sequence of three key-
strokes made by ®ngers of the responding hand). They measured RTjk, and also the
onset time of the LRP, based on both stimulus-locked (LRPs) and response-locked
�LRPr� averaging of the scalp-potential functions. (See Section 6, where we consider
only LRPs, based on scalp potentials treated as functions of time from stimulus
onset.) Let Tsjk and Trjk be the corresponding LRP onset times measured from the
stimulus, and let T�jk be their mean. Averaging over the four conditions, RT�� � 416
ms, and T��� � 264 ms. If a is the process from stimulus to LRP onset, and b is the
process from LRP onset to response, then these values give us measures of their
mean durations (direct pure measures of a and b): Da � T��� � 264 ms and
Db � RT�� ÿ T��� � 152 ms.

The LRP data fT�jkg are separated by condition in Fig. 15. Because Tsjk and Trjk

give similar estimates for e�ects of the two factors on Da and Db, the estimates are
based on T�jk . The evidence indicates that the two factors SQ and RC have selective
e�ects on Da and Db, supporting the hypothesis that in this situation the LRP onset

79 The error variance values reported by Smulders et al. (1995) and the S.E. estimates provided here are

likely to be overestimates (because balanced condition-order e�ects were treated as error variance), and the

data required to calculate better values are no longer available (F.T.Y. Smulders, personal communi-

cation, 1999).
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indeed de®nes a boundary between two neural processing modules that are arranged
as stages, and consistent with the reasoning in Table 2.

The same study permitted Smulders et al. to use the composite measure RT to ask
about the functional structure of the entire process (Section 3.1.1, Table 3). If the RT
is generated by two processes A and B arranged in stages, then it may be possible to
®nd factors that have additive e�ects on RT . Indeed, SQ and RC are such factors, as
shown by the excellent ®t of the best-®tting additive model displayed in Fig. 15C: the
interaction of SQ and RC was a negligible 2� 5 ms.

Finally, suppose that the (functional) processes A and B responsible for the ad-
ditive RT e�ects are implemented by a and b, respectively, the (neural) processes
demarcated by the LRP. Then, not only is it unsurprising that the same factors
in¯uence them selectively, but also, the sizes of their e�ects should be the same
(ignoring some possible problems in estimating Ts and Tr). Agreement among the
e�ect-sizes can be examined by assuming that the two factors indeed have perfectly
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Fig. 15. Means over 14 subjects of data from Smulders et al. (1995). Estimated durations Da of Stage a,

from stimulus presentation to LRP onset (panels A1, B1); and Db of Stage b, from LRP onset to response

(panels A2, B2). These are shown as functions of SQ (panels A1, A2), and of RC (panels B1, B2). Data in

panels A1 and A2 are separated by level of RC; those in panels B1 and B2 are separated by level of SQ.

Also shown in panels A2 and B1 are null-e�ect models. Main e�ects of SQ on Da and Db are 34� 6 (panel

A1) and 1� 8 ms (panel A2), respectively; the corresponding main e�ects of RC are 4� 8 (panel B1) and

21� 7 ms (panel B2), respectively. The RT data are shown in panel C, together with two ®tted models. One

is the best-®tting additive model (mean absolute deviation 0.5 ms); the other is an additive model based on

the LRP data (see text; mean absolute deviation 1.8 ms).
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selective e�ects on the a and b processes demarcated by the LRP, and by using the
appropriate subset of the LRP data to ``predict'' the pattern of the fRT jkg. Thus, we
should be able to use just the data in panel A1 (averaging over RC levels) to estimate
Da�SQ1� and Da�SQ2�. Similarly, we should be able to use just the data in panel B2
(averaging over SQ levels) to estimate Db�RC1� and Db�RC2�. If RT � Da � Db we
have the ``predictions'' RT �jk � Da�SQj� � Db�RCk� for the four conditions. 80 Fig.
15C shows that the agreement is good: RTjk � RT �jk. Numerically, the e�ects of SQ
and RC on the composite measure RT are 35� 3 and 25� 7 ms, respectively, close to
their e�ects (34 and 21 ms) on the pure measures Da and Db. 81

This study is distinguished from the other examples in the present paper by its
independent use of two methods: pure measures to ask about the structure of a
neural process, and a composite measure to ask about the structure of a corre-
sponding functional process.

A.7. Details of the analysis of brightness discrimination by pigeons

A.7.1. Support for the equal-variance Gaussian detection model
With six birds and ®ve levels of LR, 30 ROCs are de®ned, each with three points,

one for each level of RR. The slope of each ROC was estimated by ®tting a line to the
®rst and third point. The mean slope of this line is 0:99� 0:06, and there is no
signi®cant e�ect of discriminability on slope. The deviation from linearity was
measured by determining the perpendicular distance (in z-z space) from the second
point to the ®tted line, and giving it a sign, positive if the second point was above the
line, and negative otherwise. The mean signed distance is ÿ0:03� 0:05, and there is
no signi®cant e�ect of discriminability on signed distance. The )0.03 value is only
about 1% of the di�erence between the mean d 0-values for highest and lowest dis-
criminability levels (the distance between the corresponding ROCs) of 3.59. Note,
however, that the mean over birds of the absolute distance increases signi®cantly with
discriminability, with values 0.06, 0.08, 0.26, 0.19, and 0.44, as LR increases. It is
tempting to believe that this re¯ects the greater variability in z�p� as p approaches
zero or unity, but an analysis of between-bird variability in both z�PrfRT jST g� and
z�PrfRT jSNT g� by condition (after correcting for mean di�erences among birds)
shows it to be larger than the theoretical value (Gourevitch & Galanter, 1967), and
approximately constant.

A.7.2. Evaluation of an alternative measure of the decision process
In most of the examples we have not considered alternatives to the hypothesized

measures (H2, Table 2). One feature of SDT is that more than one appealing and

80 This way of deriving the fRT �jkg forces their means into agreement: RT ��� � RT��; the question of

interest is whether the di�erences among the four values agree.
81 Such good agreement is unexpected, given the possibility of artifacts associated with estimating Ts and

Tr from the ERP voltage wave after averaging it over trials (Section 6.1).
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plausible MD ± re¯ecting the response bias ± has been considered and used. The one
considered in Section 7.2 is MD � c, a value on the scale on which XT and XNT have
Gaussian distributions; the origin for c is �X T � X NT �=2. An alternative criterion is
the likelihood ratio associated with X � c: M 0D � b � /T �c�=/NT �c�, where /T is the
density function for XT , and /NT for XNT . One advantage of b is that with a ®xed set
of costs and bene®ts (a ®xed PM) the criterion that maximizes the expected value of a
trial, expressed as the optimal b-value, is invariant over levels of discriminability. For
the present data, however, whereas c-values are approximately invariant across levels
of LR for ®xed RR, the corresponding actual b-values change systematically with
LR, falling from 0.94 to 0.47 for RR � 0:2 �F �4; 20� � 14:1; p < 0:0001� and rising
from 1.05 to 12.82 for RR � 0:8 �F �4; 20� � 11:7; p < 0:0001�. 82 Thus, whereas
MD � c may be a pure measure of a D module, M 0D � b is apparently not.

A.9. Factorial experiments and multiple-level factors with pure measures

In this section we consider two issues in the design of experiments to assess
separate modi®ability when pure measures are hypothesized, in the context of Ex. 4.

A.9.1. Advantages of a factorial design
For composite measures, levels of the factors F and G must be combined facto-

rially to test selective in¯uence, whether or not the combination rule is also to be
tested: for each level of F, measurements must be made at each level of G. With pure
measures a factorial experiment is not required, as shown by Exs. 1, 2, 4, and 6.
However, insofar as such a design is feasible it o�ers advantages, an important one
being a test of the generality of selective in¯uence described in Sections 1.4, 5.2, and
11, and illustrated by Ex. 3. (Given the joint hypothesis, selectivity of a factor's e�ect
should normally obtain for all pairs of levels of that factor, and at all levels of the
other factor, and not be an accident of particular levels.) Thus, if we ®nd that LA
in¯uences measure ML and not MH when HA � HA1 � 0%, we would also like to
determine whether the e�ect of LA is numerically the same (subject to sampling
variability) when HA is changed to HA2 � 80%.

Consider the design that underlies the analysis shown in Fig. 6A and C. The three
conditions used, which permit examining the e�ects of adapting with simple (one-
frequency) gratings, are those in bold type in Table 9. A complete factorial design
would also include the fourth condition, in which the adapting grating is a com-
pound (superposition of two simple gratings). According to the joint hypothesis, not
only should the main e�ects of LA and HA on ML and MH be appropriately selective,
but also the interaction of their e�ects on each measure should be zero: One factor
should not modulate the e�ect of the other. This property is testable only with the

82 When data for the highest LR (for which the ROCs were unusually irregular) are removed, the failure

of invariance remains: For RR � 0:2 and 0.8, F �3; 15� � 22:2 �p < 0:0001� and 6:0 �p � 0:007�, respec-

tively.
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complete design. What would we expect if the fourth condition had been included?
Several experiments (see Graham, 1989, pp. 118±120) have shown that the adapting
e�ect of a two-frequency (f1; f2) compound grating on the contrast threshold for fk,
(k� 1 or 2) is smaller than the adapting e�ect of a simple (fk) grating on the contrast
threshold for fk, (k� 1 or 2). 83 One explanation is that when analyzers such as L

and H are stimulated at the supra-threshold contrasts of adapting gratings, they
inhibit each other rather than being modular; when the compound is used as an
adapting stimulus, the amount of adaptation of each analyzer is therefore re-
duced. 84 Hence, while the separate modi®ability of these analyzers can be demon-
strated with simple adapting gratings, the generality of selective in¯uence (Section
1.4) that we would normally require does not obtain, and the test of interaction
mentioned above would fail. Such failure would inform us about limitations on the
selectivity of the in¯uence of LA and HA on L and H that might have been erro-
neously inferred from the incomplete design.

A.9.2. Advantages of multiple factor levels
In many experiments, factors are selected for which only two levels can be de®ned,

or factors for which multiple levels could be de®ned are examined at only two. In the
present example, a continuum of levels is possible for the factors (such as LA, the
contrast of the low-frequency adapting gratings), and it is known from other data
that the threshold elevation caused by adaptation increases with adapting contrast
(e.g., Graham, 1989, Chapter 3). The use of multiple levels has several advantages.
First, it provides additional tests of the generality of selective in¯uence mentioned
above. Second, it helps determine whether a slight failure of invariance re¯ects a
systematic trend or random variation, as in Ex. 3. Third, multiple levels are required
for testing whether the factor is unitary over its range (Appendix A.2.1). And fourth,
if the e�ect of a factor with potentially more than two levels might be non-monotone,
then apparent invariance in data taken at just two levels might be an accident. As

Table 9

A factorial design with each factor at two levels

83 For example, consider the thresholds MH in Fig. 6A, which were determined when HA � HA1 � 0%.

We see an excellent approximation to invariance with respect to LA. The corresponding MH -values for

HA � HA2 � 80% would be closer to 1% than 0.4% (see upper curve in Fig. 6C). However, if HA � HA2,

we would expect the MH value to decrease from LA � LA1 (simple-grating adaptation) to LA � LA2

(compound-grating adaptation), violating the expectation of invariance of MH with respect to LA, and

indicating that LA modulates the e�ect of HA.
84 De Valois and De Valois (1988, pp. 186±187) suggest that such inhibitory interactions are relatively

minor.
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discussed in Section 15.1, the use of multiple levels is also helpful with composite
measures, where the joint hypothesis is often tested by evaluating an interaction.

Table 10 illustrates a possible multiple-level design that could be used in relation
to Ex. 4. A set of conditions that avoids compound adapting gratings (not a factorial
experiment) is shown in bold type; a complete factorial design would include the
other as well. I was unable to ®nd data from an experiment with both a wide range of
adapting frequencies and multiple adapting contrasts.

A.10. Inferring neural processing stages from single-unit recordings

A.10.1. Classi®cation of neurons
Analyses included only correct trials. Activations of cells� classi®ed as sensory-

SC2 had to be stimulus-speci®c, occurring on all f -F and f -T trials but on no t-F or
t-T trials, or vice versa. Activations of cells� classed as sensory-SC4 had to occur with
similar magnitudes on all trials of all four types. Also, SC4 activations had to be as
closely coupled temporally to the stimulus (vs the response) as SC2 activations.
Relative closeness of coupling was measured by logf�var�Tr ÿ Ta��=�var�Ta ÿ Ts��g,
large for stimulus-coupled activations, small for response-coupled activations. Ac-
tivations of cells� classed as motor-MC2 had either to be response speci®c (occurring
on all f -F and t-F trials, but on no f -T or t-T trials, or vice versa), or to occur on all
trials of all four types and show a response preference (such that activation mag-
nitude with one response was at least twice as great as with the other). Activations of
cells� classed as motor-MC4 had to occur during all trials of all four types with
similar magnitudes. Also, MC4 activations had to be as closely coupled temporally
to the response (vs the stimulus) as MC2 activations.

The number of measured cells� in classes SC2; SC4;MC2, and MC4 were 15, 49,
43, and 10, respectively, each measured on many trials. 85 In relation to the func-
tional localization assumption of Section 11, it is noteworthy that of the 64 sensory
cells�, 55% were in area M1 (with about the same Ta as those from area S1), and of

Table 10

A factorial design with each factor at four levels

85 Among the SC2 cells�, 9 responded on f trials, 6 on t trials. Among the MC2 cells�, 37 responded on F

trials, 6 on T trials. Values reported here for SC2 and MC2 cells� are equally weighted means of the values

for their two subclasses. The data in Table 2 of Mouret and Hasbroucq (2000) re¯ect a di�erent way of

combining data over these subclasses.
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the 53 motor cells�, 32% were in area S1 (with a Ta about 50 ms later than those from
area M1). These ®ndings of inhomogeneous cell types are similar to those of Requin,
Riehle, and Seal (1988, 1993), which demonstrate the ``functional heterogeneity of
structurally de®ned neuronal networks'' (1988, p. 179).

A.10.2. Combining activation times over neurons
It is reasonable to believe that large numbers of neurons participate in any mental

operation of the kinds that are of interest in the present paper. Yet, in an experiment
of this type, only one cell� of one class is measured on any particular trial. Each
measurement provides a single latency; if other cells� of that class had been measured
on the same trial, their latencies would probably di�er, and we would have a dis-
tribution of latencies. Suppose we had such a distribution. One of the limitations of a
study of this kind arises because we know very little about the behavior of popu-
lations of neurons as they participate in complex processes; we have little guidance in
choosing a statistic of that latency distribution ± perhaps a location measure such as
the minimum, median (or other quantile), mean, or maximum ± that is appropriate
for de®ning a boundary between one stage and the next. 86 That the system would
require the activation of only one relevant cell (implying the minimum as the mea-
sure) or of all relevant cells (implying the maximum) before proceeding to the next
stage both seem implausible. Because computing the mean requires activation times
of all participating cells, the mean also seems unlikely to be the appropriate location
measure, especially in a speeded task.

What problem is caused by our uncertainty about the appropriate population
statistic? To assess separate modi®ability in this case we have to quantify the changes
in stage durations as we manipulate factor levels (here, levels of S-R compatibility).
In the present example we compare the e�ects of compatibility on the times of neural
and overt responses. If factor manipulations cause changes in only the location of the
population latency distribution, any of the location measures could serve; the mean
would be ®ne. But factor manipulations may also change the spreads or shapes of
such distributions. Now, while only one neuron was measured on each trial by
Mouret and Hasbroucq (2000), that neuron, and each of many others, was measured
on many such trials. It may be possible to use within- and between-neuron variation
to provide estimates of population latency distributions, and thus to determine how
those distributions change with compatibility level. This could inform us roughly
about the extent and direction in which e�ect-size estimates based on means are
likely to di�er from estimates based on other location measures. Mouret and Has-
broucq did not obtain such estimates of latency distributions, however, and this issue
should be kept in mind in considering the ®ndings. The values reported here are
based on ®rst getting the mean of the activation latencies of each cell� in each
condition of the experiment in which it responded, and then determining means of

86 Parker and Newsome (1998) show that evidence from behavioral vs single-neuron perceptual

thresholds is divided between favoring the ``lower envelope principle'' (which suggests the minimum

latency) and the ``pooling'' (physiological summation) model (which suggests a higher quantile).
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these values over cells� within classes and subclasses. As a working hypothesis, I
assume, with Mouret and Hasbroucq, that the use of means does not substantially
bias the e�ect-size estimates. This is justi®ed to the extent that S-R compatibility
in¯uences only the location of the latency distribution of the MC2 and MC4 cells�,
and not the shape of that distribution.

A.10.3. E�ects of stimulus and response factors on stage durations
Given the Mouret±Hasbroucq experiment, stimulus and response factors can be

de®ned: just as the contrast for activation time Ta associated with SRM is
�Ta;tF � Ta;fT �=2ÿ �Ta;tT � Ta;fF �=2, the orthogonal contrast for the stimulus factor
STIM (levels f ; t) is �Ta;tF � Ta;tT �=2ÿ �Ta;fT � Ta;fF �=2, and for the response factor
RESP (levels F ; T ) is �Ta;tF � Ta;fF �=2ÿ �Ta;tT � Ta;fT �=2. Ideally, STIM would in-
¯uence only a, and RESP would in¯uence only c. While there was no consistent
e�ect of RESP on RT , there was a consistent e�ect of STIM: RT was longer by 19 ms
for f than t. Unfortunately, insofar as the neuronal data permit localizing the STIM
e�ect in one of the three stages, it appears to be in b rather than a. If these ®ndings
were borne out by data with greater precision and, ideally, larger e�ects, then this
would not violate the conclusion that SRM selectively in¯uences b, but it would say
that if there is a separate stage in¯uenced selectively by STIM, the choice of neurons
to measure has not isolated it.

A.11. fMRI and modular processes: requirements and statistical issues

A.11.1. Requirements for a process-decomposition study
Some of the requirements for a study of the kind described in Section 11 are as

follows:
(1) The subject should be performing a task as measurements are taken. Even in

sensory studies enough evidence has emerged for task e�ects at early levels of
cortical processing (e.g., Martinez et al., 1999) so it is no longer appropriate
merely to present stimuli to a passive observer.

(2) The subject should be performing the same task as factor levels are varied. By
``same task'' I mean that a persuasive argument can be made that for all com-
binations of factor levels, the same set of processing operations is involved,
varying only ``quantitatively''. A change in level should not replace one pro-
cess with another, or introduce an additional process. Another way to say
this is that factors should be unitary (Appendix A.2.1); using the data to pro-
vide a partial check of whether this criterion is met requires at least three
levels of each factor.

(3) Because the invariance of a measure (e.g., Mb in Fig. 9A) across levels of a
factor (e.g., F) is at least as important in our inferences as the in¯uence of
that factor on another measure (e.g., Ma), it is critical that we have some in-
dex of precision for the size of an e�ect when the e�ect is claimed to be nil.
Insofar as the precision of the data is poor, a test can fail to reach signi®cance
even if the ``true'' e�ect is large (Section 1.5; Appendix A.11.2).
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(4) Because activation levels of selected voxels are the quantities of interest, it is
they that should be reported, rather than only quantities (such as the t-values
of ``statistical maps'') that re¯ect both means and variances of such activa-
tion levels. (Compare Figs. 1 and 2 in McDermott et al., 1999, for example.)

(5) The sets of voxels that de®ne regions such as a and b should, ideally, be se-
lected before the experiment, based on prior knowledge. If that is not possi-
ble, their selection should be based on measurements within the experiment
that can be shown to be independent of the measures Ma and Mb used to test
the joint hypothesis. Otherwise the selection process may bias the obtained
values of those measures.

Non-essential desiderata include factorial designs and, as mentioned in Section 11,
testing for analogous patterns of e�ects of the same factors in behavioral data.

As researchers gain more experience with fMRI, studies are appearing that in-
creasingly adopt these requirements and desiderata, such as the use of factorial
designs (e.g., McDermott et al., 1999) the use of such designs where factors are
plausibly unitary (Appendix A.2.1; e.g., Cohen et al., 1997), and the use of factors
with multiple levels (e.g., Braver et al., 1997).

A.11.2. Statistical issues
Because the data in Fig. 9 are hypothetical and idealized, no tests or measures of

precision are reported. With real data, we would of course have to show: (1a) the
e�ects of F on Mb and of G on Ma are convincingly negligible (Section 1.5); as well as
(2a) the e�ects of F on Ma and of G on Mb are convincing. Initial global tests could
use four ANOVAs. Insofar as we expect monotonic e�ects, more focused tests would
use one-dimensional measures of e�ect size such as the mean slopes of lines ®tted to
the four functions for each subject, each with an estimated S.E. based on between-
subject variation. Letting M�x �Y � be the slope of Mx�Y �, we would then have to show:
(1b) M�b�F � and M�a �G� are convincingly close to zero; as well as (2b) M�a �F � and
M�b�G� are convincingly greater than zero.

We could show (2b) if the two mean slopes are substantially greater than their
S.E.s. For (1b), consider M�b�F �. One minimal requirement is that it does not di�er
signi®cantly from zero. However, this can occur simply because the experiment is
insu�ciently precise, the S.E. large. Another minimal requirement, worth checking,
is for M�b�F � to be signi®cantly less than M�b�G�. But it would seem important also to
consider the power of the test of M�b�F � 6� 0 (or of M�b�F � > 0), expressed, for ex-
ample, by the smallness of its S.E., or by using the S.E. to specify maxnsfM�b�F �g, the
largest value of M�b�F �, given the data, that would not di�er signi®cantly from zero.
However, to determine how small maxnsfM�b�F �g must be to declare invariance re-
quires a complex judgement, based on relevant information from outside the ex-
periment as well as on (a) the sensitivity of Mb and (b) the potency of F (Section 2.3).
One might think of using M�b�G� and M�a �F � as measures of (a) and (b), respectively;
unfortunately, however, the former also depends on the potency of G, and the latter
on the sensitivity of M�a .

Instead, it may be worth basing a decision about whether selective in¯uence is
satis®ed on the relationship between two quantities: One, the mean absolute value of

234 S. Sternberg / Acta Psychologica 106 (2001) 147±246



M�a �G� and M�b�F �, combines the magnitudes of the evidence against the two kinds of
invariance that selective in¯uence requires. The other, the mean absolute value of
M�a �F � and M�b�G�, combines the magnitudes of the evidence favoring two kinds of
in¯uence that it requires. Both quantities re¯ect the potency of both factors together
with the sensitivity of both measures. To declare invariance, the ®rst quantity could
be required to be no greater than a small percentage (e.g., 10%) of the second.

A.13. Fitting and testing one-channel and two-channel models of detection

In Section 3.2 I noted that the logarithmic transformation can be useful when
proportional factor e�ects are multiplicative. However, in the present example, P̂ND

takes on values that can be close to zero, which introduces considerable heteroge-
neity in the S.E.s of its log-transformed values. Because this renders plots somewhat
misleading, the data displayed in Fig. 10 were not logarithmically transformed.
However, more standard ®tting and testing of the two-channel model was done by
using a generalized linear model with the logarithm as the link function and the
variance speci®ed as l=�1ÿ l�. 87 The conclusions are the same as those stated in
Section 13.2, in relation to both overall tests and tests focused on linear and qua-
dratic patterns of deviation.

Fig. 10 also shows the results of ®tting a broadband single-channel model. 88 For
this model, the shape of the psychometric function (PrfDetectg vs contrast) becomes
relevant; Sachs et al. (1971) showed that for most of their sets of simple-grating data
it is well-approximated by multiplying �1ÿ png� by the Gaussian cumulative distri-
bution function (cdf), which is similar to the logistic cdf. For the data in panel B, the
relation between PND�Cfj; 0� and PND�Cfj;Cf 02� is better captured by assuming the
logistic. Letting P �ND � PND=png (the non-detection proportion corrected for guessing)
we then have P �ND � �1� ea�bx�ÿ1, where x is contrast. If a second grating is added to
the ®rst, with f 0 su�ciently close to f so that detectability is determined by a single
analyzer, then adding the second grating should be equivalent to an increase in the
contrast of the ®rst. The contrast modulation x can then be regarded as the sum of
two parts, y � y�Cfj� and y0 � y0�Cf 0k�, due to the f- and f 0-gratings, respectively.
Letting Odds�ND � P �ND=�1ÿ P �ND� be the guessing-corrected odds of non-detection, it
follows that

Odds�ND�Cfj;Cf 0k� � eÿby�Cfj� � eÿby0�Cf 0j � � eÿa: �19�
Thus, a consequence of the form of the psychometric function is that for the com-
posite measure Odds�ND;Cf and Cf 0 are multiplicative factors as in Eq. (8). (This

87 See ``quasi-likelihood'' in McCullagh and Nelder (1989).
88 For a broadband analyzer (required for a single-channel model), a composite grating (but not a

simple one) varies in amplitude across spatial locations. The single-channel model discussed by Sachs et al.

(1971) and described here would today be regarded as primitive, partly because it does not re¯ect the

combining of information across such locations (Graham, 1989, Chapter 5). One consequence is that the

behavior of a more modern single-channel model would be closer to that of the multiple-channel model.
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emphasizes the situation mentioned in Appendix A.3.1, where transforming a
measure causes the expected p.e�ects of two factors to be multiplicative, but where
this property can be plausibly explained if they in¯uence the same module, and not if
they selectively in¯uence di�erent modules.) For the present experiment, y0 is either
y01 � 0 (simple grating) or a ®xed positive value y0 � y02 (compound grating). It fol-
lows that

Odds�ND�Cfj;Cf 02� � g Odds�ND�Cfj; 0�; �0 < g < 1�; �20�
where g is the constant eÿby0

2 . Note the similarity to Eq. (10): here the predicted result
of adding the f 0-grating is multiplication of Odds�ND (rather than PND) by a constant.

Shown in each panel of Fig. 10 is the ®t of Eq. (20) to the compound-grating data
(with png and g estimated by least squares), given the simple-grating data. While the
one-channel model fails systematically in panels A and C (where the two-channel
model ®ts well), the one-channel model ®ts very well in panel B, where the two-
channel model fails.

A.15. Numerical scaling of factor levels for multiplicative and hybrid combination rules

In Sections 7.2, 13.2, and 15.1 I pointed out the usefulness of linearized data for
discovering and assessing the extent to which deviations from a model are system-
atic. In addition to this advantage, constraints on the data that are implied by Eq. (5)
are rendered simple and easy to test by such linearization. As Roberts (1987) rec-
ognized, the same advantage of linearizing also applies to the more elaborate process
structure and the associated hybrid combination rules of Eq. (11). For simplicity I
disregard sampling error. What follows is a minor reformulation of his ®ndings.

Let us write Eq. (5) as

Variant 0 : Mjk � ujvk; �21�
where j and k index the levels of factors F and G, respectively. Instead of plotting Mjk

for each k as a function of the level index j of factor F, plot it as a function of a
numeric variate, Fj � Mj�. The result of such scaling is that for each level k of factor
G, the values of Mjk vs Fj fall on a line, Mjk � v0kFj, where v0k � vk=v�. Note that all
the resulting lines intersect at the same point ± the origin (0,0) ± and that their mean
slope v0� � 1. The ®tted lines in Fig. 13A provide an example. Next consider three
variants that generalize the simple multiplication rule by incorporating an additive
term, described in Section 15 as hybrid (multiplicative-additive) combination rules.

In Variant 1 the additive term, w, is constant with respect to j and k:

Variant 1 : Mjk � ujvk � w; �w 6� 0�: �22�
Again the values of Mjk for each k fall on a line, Mjk � v0kFj � �wÿ wv0k�, and the
lines intersect at a common point, but here the point is �w;w�. Because w is unknown,
the diagnostic feature is the existence of a common point of intersection other than
(0,0). Because Variants 0 and 1 are both symmetric with respect to j and k, the same
properties obtain if Mjk is considered, for each j, as a function of Gk � M�k.

236 S. Sternberg / Acta Psychologica 106 (2001) 147±246



In Variant 2 the additive term wk can vary with the level of G, but not with the
level of F:

Variant 2 : Mjk � ujvk � wk: �23�
Again the values of Mjk for each k fall on a line, Mjk � v0kFj � �wk ÿ w�v0k�, but here
the lines need not intersect at a common point. To distinguish Variants 1 and 2
requires at least two pairs of intersecting lines, hence at least three levels of factor G.

In Variant 3 the additive term wj can vary with the level of F, but not with the
level of G:

Variant 3 : Mjk � ujvk � wj: �24�
In this case the functions, Mjk � v0kFj � �wj ÿ wjv0k�, need not be linear. However,
the plot obtained by reversing the roles of F and G and plotting Mjk against Gk has
the same properties as Variant 2. 89

In conclusion, for the simple multiplicative combination rule (Variant 0) and all
three of the hybrid rules (Variants 1, 2, and 3) the data can be represented, by
suitable numeric scaling of factor levels, as points on a set of lines with di�erent
slopes. The rules di�er in three ways: (a) which of Fj or Gk produces linearity (both
do for Variants 0 and 1, only Fj for Variant 2, and only Gk for Variant 3); (b)
whether there is a common point of intersection for the set of lines (there is for
Variants 0 and 1, but not for 2 and 3); (c) the location of a common intersection
point if there is one [(0,0) for Variant 0, �w;w� for Variant 1]. Which pattern char-
acterizes the data has important implications for the underlying process.

A.16. Processing stages as modules

A.16.1. Multiplicative combination rule for the proportion of response omissions
As often found in sleep-deprivation experiments, the rate of response omissions

was high; on average, responses were produced on only 89.2% of trials. 90 The way in
which factors SLP, SQ, and MF combine in in¯uencing the probability of re-
sponding (like RT , a composite measure) may also provide useful information about
the underlying process. For the analysis of errors of commission in processes be-
lieved to be arranged in stages, Schweickert (1985) found that in several data sets,
factors had multiplicative p.e�ects (Section 3.2) on the proportion of responses that
were correct. He explained this by a plausible multiplicative combination rule similar
to Roberts' (1987; Ex. 9): Roughly, for a response to be correct, each required stage
must function correctly. If such events are mutually independent stochastically, then
PrfResponse Correctg is a product of the corresponding stage probabilities.
(Schweickert's examples are additional instances of analysis of a composite measure

89 Among the many data patterns considered by Roberts (1987) some are consistent with each of Eqs.

(21)±(23); this is also true for the various ``linear fan'' patterns discussed by Anderson (1996).
90 Given that a response was produced, SLP had virtually no in¯uence on whether it was correct.
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with multiplication as the combination rule.) For the present experiment we might
expect, by analogy, that a response is produced (rather than omitted) on a trial only
if each stage functions so as to permit it. Again, if such events are mutually inde-
pendent we should have a multiplicative combination rule for the contributions of
each stage to response occurrence. This implies (Table 4) that factors that in¯uence
di�erent stages selectively should have multiplicative p.e�ects on PrfResponseg.

Fortunately, whether one considers either e�ects or p.e�ects, analysis of the
proportion of trials on which responses were produced tells the same story. But this
story di�ers slightly from the inferences from RT : As they do for RT , each of the
three factors has substantial main e�ects, and SLP modulates the e�ect of SQ
substantially while leaving the e�ect of MF virtually invariant. However, for
PrfResponseg;MF and SQ do appear to interact slightly. 91 It would of course be of
great interest if two di�erent composite measures, RT and PrfResponseg provided
convincing evidence for the same process decomposition.

A.16.2. What is a `stage'?
Suppose we are persuaded that a particular process is organized as a sequence of

processing stages: what does this mean? A stage is a function carried out during an
epoch in time; it is not necessarily associated with a distinct neuroanatomical
processor. Too often, an inferred ¯owchart, which describes the temporal ar-
rangement of a set of operations (and is inherently ordered, because of the nature of
time), has been confused with a circuit diagram, which indicates how processors are
connected.

When a two-stage model is supported, all we ``know'' in the simplest case is that
the complex process between stimulus and response can be cut at some time point,
de®ning stage a (before the cut, and the epoch during which process A takes place)
and stage b (after the cut, and the epoch during which process B takes place). 92 In
some cases, such as the present one, it is plausible that the processes are connected, in
the sense that R (response selection) uses information provided by S (stimulus
identi®cation). That is, S and R probably have a relation of data-dependence. This
does not necessarily mean that the two processes are accomplished by distinct neural
processors. However, insofar as distinct functions are carried out by special-purpose
neural processors (possibly localized in di�erent regions of the brain), it is also
plausible, for the present example, that S and R are carried out by di�erent pro-

91 The discussion of omissions in Sanders et al. (1982) suggests that this last interaction, while

proportionally greater than in the RT data, is not statistically signi®cant, whereas the main e�ects and the

SLP � SQ interaction are. As the basic data are no longer available, and no analysis of p.e�ects was

reported, we do not know about statistical signi®cance of the corresponding p.e�ect interaction.
92 The alternation (multiplexing) of two processes, A1 ! B1 ! A2 ! B2; . . . ; is an example of an

arrangement whose behavior is similar in some ways, and, given only MAB � RT , is indistinguishable from

A! B. See Appendix A.6 for combining the RT measure with evidence from pure measures of two neural

processes, to distinguish the two.
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cessors, as their functions seem to be so di�erent. In other instances, multiple op-
erations (such as the recognition of each of two unrelated words, see, e.g., Sternberg,
1998b, Section 14.5.11) may be arranged sequentially, not because of data-depen-
dence but perhaps because of capacity limitation. Indeed, in such a two-word rec-
ognition task it is plausible that the same neural processor is responsible for both
operations, as their functions are the same.

The confusion of ¯ow-charts with circuit-diagrams has led to unwarranted over-
interpretations of the class of models that the AFM suggests. Broadbent (1984, p. 55)
provided one example when he described a stage model as ``a pipeline . . . through
which information ¯ows from the senses to the e�ectors'' and suggested that stage
models are consistent only with ``bottom-up'' theories. 93 An example of an alter-
native is a possible model for the recognition of a degraded printed word during
reading: There is no obstacle to having one stage A during which a ®rst interpre-
tation of a word is developed, based on an initial sample of letter and word-shape
features and in¯uenced by context, followed by a second stage B during which the
same process is repeated, now guided by the ®rst interpretation as well, involving a
new sample of features, and producing a revised interpretation. The ¯ow-chart for
this part of the process would contain two boxes, with an arrow from A to B that
represents succession in time (not information ¯ow, although some of the infor-
mation used by B is provided by A). In contrast, the corresponding circuit diagram
might contain just one box, with an arrow (representing the ¯ow of information)
from its output to its input. (See Sternberg, 1998b, Section 14.6.1.)

A.16.3. Additive e�ects of factors on mean reaction time: alternative interpretations
Additive e�ects on RT have been of su�cient interest so that alternatives to stage

models have been considered as explanations. It has been discovered that under
some conditions, other models, quite di�erent in spirit from stage models, can also
generate such additive e�ects. Thus, McClelland's (1979) cascade model as further
developed by Ashby (1982) (see also Roberts & Sternberg, 1993) can produce close
approximations to additivity of factor e�ects on both means and variances. (Additive
e�ects on variance are predicted from a stage model if the model is elaborated by
assuming that stage durations are stochastically independent.) Miller, van der Ham,
and Sanders (1995) have shown that a range of models with temporally overlapping
processes can approximate additive e�ects on means, and in a few cases on variances
as well. 94 And Roberts and Sternberg (1993) described an alternate-pathways model
that produces exactly additive e�ects on means, but fails miserably for variances. In
all these cases, the prediction of means additivity derives from modularity plus se-
lective in¯uence; hence, from the viewpoint of discovering modules (but not of how
these modules are organized), the existence of these alternative possibilities does not

93 Others sharing this misunderstanding include, e.g., Neisser (1976, p. 23) and Rabbitt and Maylor

(1991, p. 277).
94 On the other hand, Miller (1993) developed and explored another family of models in which

overlapping processes are permitted, and found that in general they do not produce additive factor e�ects.
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weaken the argument outlined in Table 3. Their discovery, however, decidedly
weakens the inference from the additivity of factor e�ects on RT to the organization
in stages of the corresponding modules. Other aspects of the RT data can sometimes
help distinguish among such alternatives; by elaborating stage models with the as-
sumption that stage durations are stochastically independent, Roberts and Sternberg
(1993) have shown how properties of the RT distributions can help to select among
competing models; in their analysis of ®ve data sets, the elaborated stage model
survived, while its competitors did not. Stage models without the elaborations
provided by uncorrelated or (stronger) stochastically independent stage durations
are, however, of interest, and at present there appear to be few ways to distinguish
them from some of their competitors. Other approaches to selection among such
models include techniques such as speed-accuracy decomposition (e.g., Meyer et al.,
1988, Section 5) and concomitant measurements that might be electrophysiological
(e.g., Appendix A.6; Magliero, Bashore, Coles, & Donchin, 1984; Meyer et al., 1988,
Sections 7 & 8) or behavioral (e.g., Sternberg, 1998b, Section 14.5.7).
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Glossary

Here I provide a list of the main abbreviations used, with numbers of the sections or ap-

pendices in which they are introduced, and brief de®nitions. It may also be helpful to review

Section 1.2.

AFM 1 additive-factor method

ERP 1 event-related potential

ERP�t� 6 event-related potential as a measure

FF 15 frequency of feeding

FF 15.1 FF as a numeric variable

fMRI 1.7 functional magnetic resonance imaging

GND 6 Go±NoGo discriminability

H1, H2 2.2 hypotheses

H1* A.2.3 hypothesis

H3 3.1.1 hypothesis

H4, H5 3.2 hypotheses

HA 9 high-frequency adaptation

HD 15 hours of food deprivation

HD 15.1 HD as a numeric variable

IRT A.3.2 inter-response time

LA 9 low-frequency adaptation

LR 7.2 luminance ratio

LR 7.2 LR as a numeric variable

LRP 6 lateralized readiness potential

MA 9 medium-frequency adaptation

MF 11 stimulus-response mapping familiarity

PF 5 probability of food

PM 7 payo� matrix

PM 7 payo� matrix as a factor

RC A.6 response complexity

REL 14.1 semantic relatedness

RESP A.10.3 response (as a factor)

ROC 7.2 relative (or receiver) operating characteristic

RR 7.1 as a factor (Section 7; Appendix A.2.2): reinforce-

ment ratio

RR 15 as a measure (Section 15): response rate

RR 7.2 RR (reinforcement ratio) as a numeric variable

RT 1 reaction time

RT 1 reaction time as a measure

S.E. 1.5 standard error

SAT 14.1 semantic satiation

SDT 1 signal-detection theory

SLP 16 sleep state

SQ 11 stimulus quality

SRM 6 stimulus-response mapping

STIM A.10.3 stimulus (as a factor)

TD 16 time of day

TF 5 time of food

VI 7.2 variable-interval reinforcement schedule
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